October Math Gems

PROBLEM OF THE WEEK 31

§1 Problems

Problem 1.1. Let Z be the set of integers. Determine all functions f : Z — Z such that,
for all integers a and b,

f(2a) +2f(b) = f(f(a+b)).

answer. By taking a = 0, we get f(0) 4+ 2f(b) = f(f(b)) for all b € Z. So, the problem
becomes:

f(2a) +2f(b) = f(0) +2f(a +b)

Taking a = 1 for this one, we quickly obtain that 2(f(b+ 1) — f(b)) = f(2) — f(0), so f
is linear. The rest is checking together with f(0) 4+ 2f(b) = f(f(b)). O

Problem 1.2. Find all functions f : R — R such that

zy(flz+y) — f(z) = f(y) =2f(zy)
for all z,y € R.

answer. Let P(x,y) be the assertion zy(f(x +y) — f(x) — f(y)) = 2f(zy) Let c = f(1)
P(0,0) = f(0)=0P(-2,1) = f(-1)=c

Plz—-1,1) = f(z—1)= ;—j&f(:r) —c;—j Vo # —1

P(z,—1) = f(@—1)=f(z)+c—2f(—z) Yz #0

And so (subtracting) %f(x) - c;—j& = f(z) + ¢— 2f(—z) Vo # —1,0 Which is
vf(z) — (x+ 1) f(—x) = —cx? Vo # —1,0, still true when z =0 or x = —1

Moving # — —z, we get —xf(—z) + (v — 1) f(x) = —cz? Cancelling f(—x) between the

two lines, we get : | f(x) = cx? Vx| which indeed fits, whatever is ¢ € R O

Problem 1.3. In a triangle ABC with sinA = cosB = cotC. Find the value of cosA.

answer.

T
A=Z4+B
5+

sinA = cot C = cot <327T — QA) =tan 24

2cos A =cos2A =2cos> A —1

1-43
2

cos A =
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Problem 1.4.
V2T V5 VT TV
14
answer. Let
o V2T +TV5 V271 -TV5
B 14
1
52=@(27+7\/5+27—7\/5+2.22): -
Thus, S = ‘[ which cos™! @ =7 O

Problem 1.5. Find all triples (z, y, z) of real numbers that satisfy the system of equations

x3 = 3z — 12y + 50,
Y3 =12y + 32 — 2,
23 =272 4 27z.

answer. Suppose that x > 2. Then on (2, 00) the function 2% — 3z is increasing so we
have y < 4 by the first equation.

Also the third equation yields that, from = > 2, 23 — 272 > 54 = z > 6. But then the
second equation tells us that y® — 12y > 16 = y > 4. Contradiction.

Now suppose that z < 2. From equation 3, 22 — 27z < 54 = 2z < 6. Then equation 2
yields y < 4. Using this in the first equation we have 22 — 3z = 50 — 12y > 2 = z > 2.
Contradiction again.

It is easy to check that x =2,y =4,z = 6 works so (z,y,2) =|2,4,6 0

|

Problem 1.6. Let a and b be real numbers such that sina-+sinb = and cosa-+cosb =

V6 o

- Find sin(a + b).

answer. sina + sinb = 2sin “T'H’ cos Tb, cosa + cosb = 2 cos “;b cos 2b
1 sina+sinb __

1 a+b atb __
V3 =~ cosatcosb tan » 72 T 6 ¢ +nm (n € Z)

sin(a + b) =sin (§ + 2n7r) ing = @ O

Problem 1.7. In triangle ABC, AB = /30, AC = v/6, and BC = v/15. There is a point
D for which AD bisects BC and ZADB is a right angle. The ratio

Area(AADB)
Area(AABC)

can be written in the form m/n, where m and n are relatively prime positive integers.
Find m + n.

answer. By Stewart’s Theorem, we can find AM, which is ‘ﬁ Obviously, as stated in
the problem, CM = M B = g Let MD = z. We can state that:

(VT 4 2)2 + BD? = 30 (22 + BD?) = /154

Solving this dreadful equation, we end up having = = %5’77. Since [ACM| = [AM B

because these triangles have the bases of same length and they have the same height, all

we need to do is to find the ratio:
[BED)
7+ 72{ABE]
Simplifying, and after a very happy and exciting result at the end when everything
cancels out, we end up with 27/38. So, our final answer is 27 4 38 = . ]
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Problem 1.8. find area of triangle with sides va2 + b2, vVc2 + a2, Vb2 + ¢2 , given a,b,c
are positive. PS:- ( don’t use heron’s formula, and %produet of sides and product of sine
of angle between these sides

answer. Points A(0,0), B(vVa? +1v%,0),

N ey
then C(Z 2+b2, azb ja‘;jb;c a ),
Area = 1\/a2b2 + b2%¢2 + c2a2. O

Problem 1.9. Let ABC be a triangle such that /B = 20° and ZC = 40°. Also, length
of bisection of angle A is equal to 2. Find the value of BC — AB?

answer. Clearly /A = 120°. Let D be the intersection of the angle bisector through A
with BC and E the point on BC with ZCAFE = 40°.

Then /EAB =80° = /BFA and thus BE = AB, i.e. CE = BC — AB.

On the other hand, ZCAFE = ZECA implies that CE = AF.

Finally, ZADC = 180° — 60° — 40° = 80° = ZBFE A, which implies AE = AD. Summaris-
ing, we get BC — AB = AD = 2. O

Problem 1.10. Given acute AABC. Given point N such that/NBA =/NCA = 90°.
D and E are points on AC and AB, respectivelly, such that/BNFE = ZCN D.Lines DE

and BC intersects in F', and K is midpoint of segment DFE. If X is point of intersection
of circumcircles of AABC and AADE, distinct from A, prove that /KX F = 90°.

answer. X is the Miquel Point of the quadrilateral BEDC (i.e. X = ©(AED) N
O(DCF)NG(ABC)NG(BEF))

Then X is the spiral center on BE —> CD = DX = gg

Since ANBE ~ ANCD = 3% = BE — BN — XE

Let G be the symmetrical ofX Wlth respect to K :> AGDX = 180°-/BAC = /BNC =

ANGDX ~ ABNC = /KXD = /BCN and ZDCB = /DXF = /KXF = 90° as

desired. O

Problem 1.11. Determine all roots, real or complex, of the system of simultaneous
equations

TH+y+z=23,
2 +y? 422 =3,
243+ 2% =3

answer. We begin by manipulating the given equations to find other useful relations
between the variables. (Y. 2)?2 =Y 22 +2Y 2y 32 =3+2> oy Yoy =3

Now using the following identity, >" 23 — 3zyz = . 2)(>_ 2% — Y. 2y) 3 — 32yz = 3(0)
ryz =1

Now, let z,y, and z be the roots of a cubic polynomial P(¢). Then, by Vieta’s Formulas,
we have that P(t) =t —3t2 + 3t — 1 P(t) = (t — 1)?

Therefore,

O]
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Problem 1.12. Find ax® + by® if the real numbers a, b, x, and y satisfy the equations

ar +by = 3,
ar’ +by? = 7,
ax® +by® = 16,
azt + byt = 42.

answer. Set S = (x 4+ y) and P = xy. Then the relationship
(az™ + by™)(z +y) = (az" ™ +by™ ™) + (vy)(az™ " + by" )
can be exploited:

(ax® +by®)(z+y) = (az®+by®) + (zy)(az + by)
(az® +by*)(x+1y) = (az* +by*) + (zy)(az? + by?)

Therefore:

7S = 16+ 3P
16S = 4247P

Consequently, S = —14 and P = —38.
Finally:

(az* + by*)(z + ) (az® +by°) + (zy)(az® + by?)
(42)(S) = (az®+by®) + (P)(16)
(42)(—14) (ax® + by®) + (—38)(16)
az® + by’ = 20

Problem 1.13. Find all real numbers a, b, ¢, d such that

a+b+c+d=20,
ab + ac + ad + bec + bd + c¢d = 150.

answer. Let S = ab+ ac + ad + bc + bd + c¢d = 150. We know that (a + b+ c+d)? =
a? + b+ +d?+28, 50 a® + b? 4 ¢ 4 d? = 400 — 300 = 100.

So we have to find all real numbers a, b, ¢, d such that (1) a + b+ ¢+ d = 20, and (2)
a® +b* + ¢ + d* = 100.

By AM-QM inequality we have that a“’j:c*d <4/ “2+b2102+d2, with equality if and only
ifa=b=c=d.

But these expressions are in fact equal, as they both equal 5. So the only solution is

a=b=c=d=5 O

Problem 1.14. Determine all real numbers > 0 for which

7
log, x — log, 16 = 6 log, 8
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answer. We have given the equation (1) log, z —log, 16 = % —log, 8, Clearly x > 0 by
equation (1), which implies there is a real number y s.t. (2) = = 2Y. The fact that
2 = (2")n when n € N yields logy, = = 4 which combined with equation (1) give us

Y —log, 2 =TI —¥ ie. (3) 5y—7=24log, 2. Now there is a real number z s.t. z° =2,
which according to formula (2) means 2Y% = 2, implying yz = 1. The fact that z* = 2
implies log, 2 = z = %, which inserted in equation (3) result in 5y — 7 = %, yielding

5y2 — Ty +24 = 0, i.e. (5by + 8)(y —3) = 0. Consequently y = —% or y = 3, which
according to formula (2) means there are exactly two solutions of equation (1), namely

_s8
r=2 5:\5/%anda::23:8. O

Problem 1.15. Solve in the real numbers the equation 3 V-1 (1 — logg x) =1.

3

answer. Assuming log3 2 = (logy x)® we have :

1
3(%1>3 =341

W=

where t = /x — 1 Let k = <3t3?1)
— B+ 1) =(1-k)F

Let k= —b
— B+ =0 +1)°

Now if b > ¢ then LHS < RHS and if b < t then LHS > RHS So , we must have b =t

— t=—k
, 3 1\3
— Jr—1=-— T
1
= ()= s
Now note LHS is increasing and RHS is decreasing. So, atmost one solution. We can
easily check that 1 satisfies. O

Problem 1.16. Evaluate the following sum

1 1 1 1 1 1 1 1 1

+ + +
logy % log % log, % log; % logg % log; % logg % logg % log %

answer. Just use log, b -log,a = 1. The sum is:

logr =<5 910 !

Problem 1.17. Solve in R the equation: logy7s(v/Z + v + /x + ¥x) = logs Vx.

answer. Write z = y'® > 0 and t = log, 278 > 8 and equation is : y + y% +y* + 8 = 4!
Or also 1+ 4 + y% + y—17 = y'~8 For y > 0, LHS is continuous strictly decreasing while
RHS is continuous strictly increasing and so at most one positive real root. And since

y = 2 is a trivial one, this is the only one. Hence the unique solution O
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Problem 1.18. Solve in real numbers: log, z(logz(4* —2)) <2

answer. If © > 1 : 4% -2 -2 = (2" 4+1)(2°-2) >0 = 4" -2 > 2" =
logy (4" —2) >z = logy(logy(4” — 2)) > 2logy vz > 0 = log s (logy(4” —2)) > 2
And so no solution If z =1 : log /(...) is undefined

And so no solution If 1 > x > logyv/3 : 47 — 2 -2 = (2 4+ 1)(2* - 2) < 0 =
1 <47 -2<2" = 0<logy(4* —2) <z = logy(logy(4* —2)) > 2logy vz <0 =
log, z(logy (4% —2)) > 2

And so no solution If logyv/3 > z > 1 4% -2 -2 = (22 +1)(2° - 2) < 0 =
0<4”-2<1 = logy(4* —2) <0 = logy(logy(4* — 2)) undefined

And so no solution If £ >z 4° —2 <0 = log,(4® — 2) undefined

And so no solution

Hence the result : O

Problem 1.19. Find all positive integers a, b such that

ab + b®
a® _bb

is an integer.

answer. Let a > b >1 Then a® + b* > a® — b or b* +b* > a% — a® (b+1)“>b“+bb and
aa—abzwz% So (b+1)"> % or (1+557)* > (14 547)"™ > 2> (5%)" or
b+2>atoa=>b+1andthen BT + 8> > (b+ 1)L — (b+1)" =bx (b+1)" > 20°F —

b=1,a=2 ]

Problem 1.20. Find z if 7 = ¥*''V/5

answer. r =5% — y= 5-y5" y=>57*% = z= 55772z = 5U — gy 454 =51"5"
LHS is continuous increasing while RHS is continuous decreasing and so at most one
solution. And since u = 0 is a trivial root, this is the unique one Back to x, we get

2 . .
x = 55 | as unique solution. O
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